We first construct derived equivalences of differential graded algebras which are endomorphism algebras of the objects from a triangle in the homotopy category of differential graded algebras. Secondly, we obtain the derived equivalences of differential graded endomorphism algebras from a standard derived equivalences of finite dimensional algebras. Moreover, under some conditions, the cohomology rings of these differential graded endomorphism algebras are also derived equivalent. This gives an affirmative answer to a problem of Dugas [Dug15] in some special case.
We also study a standard derived equivalence [Dug15] .
This paper is organized as follows. In Section 2, we recall some basic definitions and facts of derived categories and derived equivalences. Section 2.3 is devoted to studying differential graded bimodules for later use. The construction of derived equivalences from the triangles in the homotopy category of differential graded algebras will be given in Section 3. Finally, in Section 4, we construct derived equivalences for differential graded algebras from standard derived equivalences of finite dimensional algebras, and the cohomology rings of these differential graded algebra are also derived equivalent.
Preliminaries
In this section, we recall some basic definitions and collect some basic facts of derived categories and derived equivalences.
In this paper, we fix a commutative ring k with identity. All algebras are k-algebras, and functors are k-functors. The composite of two morphisms f : X → Y and g : Y → Z in a category C will be denoted by g f . If f : X → Y is a map between two sets, then the image of an element x ∈ X will be denoted by f (x). However, we will deal with functors in a different manner. The composite of two functors F : C → D and G : D → E will be denoted by GF. For each object X in C, we write F(X) for the corresponding object in D, and for each morphism f : X → Y in C we write
F( f ) for the corresponding morphism in D from F(X) to F(Y).
For an object M in a k-category C, we use add(M) to denote the full subcategory of C consisting of direct summands of finite direct sums of copies of M. If C admits infinite coproducts, then Add(M) means the full subcategory of C consisting of direct summands of all coproducts of copies of M.
For generality, we shall consider arbitrary k-algebras. All modules will be unitary right modules. Let A be a kalgebra. The category of all right A-modules will be denoted by Mod-A. We use mod-A to denote the full subcategory of Mod-A consisting of finitely presented A-modules, that is, A-modules X admitting a projective presentation P 1 → P 0 −→ X → 0 with P i finitely generated projective for i = 0, 1. The category of all projective A-modules is denoted by Proj-A, and the category of all finitely generated projective A-modules is denoted by proj-A.
Derived equivalences for rings
The category of complexes of A-modules, in which morphisms are chain maps, is denoted by C (Mod-A), and the corresponding homotopy category is denoted by K (Mod-A). We write D(Mod-A) for the derived category of Mod-A. We also write K b (Mod-A), K − (Mod-A) and K + (Mod-A) for the full subcategories of K (Mod-A) consisting of bounded complexes, complexes bounded above, and complexes bounded below, respectively. Note that there is a full embedding Mod-A −→ D(Mod-A) by viewing an A-module as a complex in D(Mod-A) concentrated in degree zero.
The homotopy category of an additive category, and the derived category of an abelian category are both triangulated categories. For basic facts on triangulated categories, we refer to Neeman's book [Nee01] . The shift functor of a triangulated category will be denoted by [1] in this paper. In the homotopy category, or the derived category of an abelian category, the shift functor acts on a complex by moving the complex to the left by one degree, and changing the sign of the differentials.
Two algebras A and B are said to be derived equivalent if one of the following equivalent conditions holds 
For the proof that the above conditions are indeed equivalent, we refer to [Ric89, Kel94] . 
Differential graded algebras and their derived categories
In this subsection, we will need some background on differential graded algebras and their derived categories. Interpreting differential graded algebras as differential graded categories with just one object, the material is a particular case of the development in [Kel94, Kel06, NS12, NS14, CY15].
Graded rings and graded modules
Let k be a commutative ring with identity. A k-algebra A is called a Z-graded k-algebra if 
This functor yields an automorphism < i >: Gr-A −→ Gr-A of categories.
Differential graded algebras and differential graded modules
Recall that a differential graded k-algebra (=dg algebra) is a Z-graded associated k-algebra A = ⊕ i∈Z A i with a differential
Example 2.3. [Kel98] Let A be a k-algebra and
is a graded algebra with the differential
where | f | denotes the degree of f . In fact,
where | f | denotes the degree of f .
Recall that a dg right
It is useful to look at each dg A-module as a complex
of k-modules with some extra properties.
A morphism between dg A-modules f : M → N is a morphism of the underlying graded A-modules which is homogeneous of degree zero and commutes with the differential.
Denote by A op the opposite dg algebra of A. A op = A as graded k-modules with the same differential, and the multiplication " ⋆ " on A op is given by
We identify a left dg A-module M as a right dg A op -module as follows:
for homogeneous elements a ∈ A op and m ∈ M.
Example 2.4. In the situation of the above example, each complex Y • of right A-modules gives rise to a dg right B-module Hom
where
is a chain map. On the other hand, X
• is a left dg B-module with the action
Let M and N be right dg A-modules. Set
for each n ∈ Z, it consists of k-linear maps f : M −→ N which are homogeneous of degree n and satisfy f (ma) = f (m)a for all homogeneous elements a ∈ A. The graded vector space
Furthermore, Hom A (M, M) becomes a dg algebra with this differential and the usual composition as multiplication.
Derived category of dg module categories
Let A be a dg k-algebra. The category C (A) has as objects the dg A-modules. A morphism f : X −→ Y in C (A) is a morphism in Gr-A which is a chain map of complex of k-modules. We have
Note that C (A) is an abelian category and comes with a canonical shifting
which comes from the canonical shifting of Gr-A, by defining
for each n ∈ Z. Then we have an obvious faithful forgetful functor
which is also dense since we can interpret each graded A-module as an object of C (A) with zero differential. Viewing the objects of C (A) as complexes of k-modules, we clearly have, for each p ∈ Z, the p-th homology functor
f (y) .
Then we get a dg
with the differential d = 0 1 0 0 . It is well-known that (F, F ρ ) is an adjoint pair. Note that F ρ F(X) is a projective-injective object in C (A), and we have a canonical exact sequence
which splits in Gr-A but not in C (A). The exact structure on C (A) is the exact sequence
which is split in Gr-A. With this exact structure, C (A) is a Frobenius exact category. Then the stable category C (A) with respect to the given exact structure is denoted by K (A), and is called the homotopy category of A. It is a triangulated category, and each triangle in K (A) is isomorphic to
for some f : X −→ Y. Let f : M → N be a morphism of dg A-modules. We say that f is a null-homotopic if we get
where r : M → N is a morphism of the underlying graded A-modules which is homogeneous of degree −1. Denote by Σ the class of all homotopy class of quasi-isomorphisms. Then Σ is a multiplication system in K (A) compatible with the triangulation and the localization
is called the derived category of A. It is also a triangulated category with translation functor [1] induced from C (A). For two dg A-modules X and Y, there is an isomorphism
for each n ∈ Z. We observe an isomorphism Hom A (A, X) ≃ X of complexes sending f to f (1). Then the above isomorphism induces the following isomorphism
It is well-known that D(A) can be realized as the Verdier quotient category of K (A) by its full subcategory of acyclic dg A-modules. A dg A-module P is called homotopically projective if Hom A (P, M) = 0, for every acyclic dg A-module M, which is equivalent to the condition that the canonical functor K (A) −→ D(A) induces an isomorphism
for any dg A-module X.
For a triangulated category T and a class S of objects, we denote by thick T S the smallest thick subcategory of T containing S. Recall that a thick subcategory is a triangulated subcategory which is closed under direct summands. We say an object M in T is compact if the functor Hom T (M, −) commutes with arbitrary coproducts. Denote by T c the full subcategory consisting of compact objects. It is a thick subcategory.
The following is a very well-known fact [Kel94, theorem 5.3]. 
Differential graded bimodules
We give in this subsection some useful lemmas for later use. Let A and B be two dg algebras. Recall that a dg A-B-bimodule X is a left dg A-module as well as right dg B-module such that
for all a ∈ A p , m ∈ M and b ∈ B q . And the canonical map
sending a to l a with l a (x) = ax is a homomorphism of dg algebras. Similarly, the canonical map 
Lemma 2.7. Let A M B be a dg A-B-bimodule such that M B is a compact generator in D(B) and the canonical map
is a quasi-isomorphism of dg algebras. Then −
L ⊗ A M and RHom B (M, −) induces mutually inverse equivalences between D(A) and D(B).

Corollary 2.8. Suppose that φ : A −→ B is a dg algebra homomorphism. If φ is a quasi-isomorphism of dg algebras, then − L ⊗ A B and RHom B (B, −) induces mutually inverse equivalences between D(A) and D(B).
Derived equivalences of dg-algebras induced from triangles
Let A be a dg algebra in this section, we study its homotopy category K (A). We get derived equivalences of two dg algebras which are obtained from some triangles in K (A). As an application, we give an affirmative answer to question of Dugas [Dug15] . First we need the following well-known observation.
Lemma 3.1. [IT13, Lemma 8.4] Let F : T −→ T ′ be a triangle functor of triangulated categories and T an object in T . If F T,T : Hom T (T, T [n]) −→ Hom T ′ (F(T ), F(T )[n])
is an isomorphism for any n ∈ Z, then F :
The following lemma generalizes [IT13, Lemma 8.5] to dg algebra case.
Lemma 3.2. Let X be a dg A-module and Λ = Hom A (X, X). The we have a triangle equivalence between thick K (A) (X)
and per Λ.
Proof. Consider the following functor
Then this functor sends a null-homotopic morphism of dg A-modules to a null-homotopic morphism of dg Λ-modules. Therefore, Hom A (X, −) induces a triangle functor K (A) −→ K (Λ). By composing with the canonical functor
which sends X to Λ. We thus get a triangle functor from thick K (A) (X) to thick D(Λ) (Λ) = per Λ. Then we have the following commutative diagram
for any n ∈ Z. It completes the proof by Lemma 3.1.
Lemma 3.3. Suppose X and Y are dg A-modules such that Y ∈ thick K (A) (X). Let Λ = Hom A (X, X). Then we have the following quasi-isomorphism:
for any dg A-module Z.
Proof. By Lemma 3.2, the functor Hom A (X, −) induces a triangle functor
We now let X = {Y ∈ K (A)| for any object Z ∈ K (A), the functor Hom A (X, −) induces the following isomorphism:
Then X is a subcategory of K (A). Clearly, X is closed under shifts and direct summands. Suppose that
is a triangle in K (A) with Y 1 , Y 2 ∈ X . Then we have the following commutative diagram
It follows that Y 3 ∈ X . Therefore, X is a thick subcategory of K (A). If Y = X, then
Thus X ∈ X . Consequently, thick K (A) (X) ∈ X . This completes the proof.
Lemma 3.4. Suppose that X and Y are dg A-modules such that Y ∈ thick K (A) (X) and X ∈ thick K (A) (Y). Let Λ = Hom A (X, X) and Γ = Hom A (Y, Y). Then there is a triangle equivalence between D(Λ) and D(Γ).
Proof. Consider the dg Γ-Λ-bimodule Hom A (X, Y). By Lemma 3.3, we have the following quasi-isomorphism:
Similarly to the proof of Lemma 3.3, it follows that
is a quasi-isomorphism of dg algebras. Then the dg Γ-Λ-bimodule Hom A (X, Y) is quasi-balanced. It follows from Lemma 3.2 that
Consequently, Hom A (X, Y) is a compact generator for D(Λ). By Lemma 2.7, we have a triangle equivalence between D(Λ) and D(Γ) defined by the dg Γ-Λ-bimodule Hom A (X, Y).
The following is the main result in this section. 
Proof. Suppose that M is a dg
By Theorem 3.5 and [Dug15, Theorem 4.1], we can restate the above theorem for the case of a k-algebra A.
Corollary 3.6. Suppose that A is a k-algebra and M
• is a complex in K (A). Let
(
1). There is a derived equivalence between dg algebras Hom
A • (X • ⊕ M • , X • ⊕ M • ) and Hom A • (Y • ⊕ M • , Y • ⊕ M • ). (2). The cohomology rings H Z (X • ⊕ M • ) and H Z (Y • ⊕ M • ) are also derived equivalent, where H Z (X • ⊕ M • ) = i∈Z Hom K (A) (X • ⊕ M • , (X • ⊕ M • )[i]).
Remark 3.7. There is a derived equivalence between dg algebras Hom
Under some mild conditions, we get the cohomology rings of these dg algebra are derived equivalent. This gives an affirmative answer to a problem of Dugas [Dug15] in some special case.
Corollary 3.8. [Dug15, Theorem 5.2] Let A be a symmetric algebra and X
• and M • be any complexes in K b (proj-A).
Then there exists a left
Then there is a triangle Then we get
Derived equivalence of dg-algebras induced from standard derived equivalences of finite dimensional algebras
Starting from a standard derived equivalences of finite dimensional algebras, we construct in this section derived equivalences of two dg algebras. Moreover, under some conditions, the cohomology rings of these dg algebra are also derived equivalent. Furthermore, the degree zero subalgebras of these cohomology rings are also derived equivalent. Let A and B be finite dimensional algebras in this section. Recall that a standard derived equivalence between derived categories D − (Mod-A) and D − (Mod-B) is an exact functor such that it is an equivalence and is isomorphic to
is called a two-sided tilting complex if it induces such an equivalence. The following lemmas are useful. 
is commutative up to natural isomorphism. Proof. Let U = A ⊕ X and P • U be a projective resolution of U. Then we have
Suppose P U • and Q U • are two projective resolutions of U which are homotopy equivalent, and let 
V is a projective resolution of V = B ⊕ F(X).
It suffices to consider in the following, we consider the dg algebras Λ = Hom A
). We claim that there is a derived equivalence between Λ and Γ. We are going to prove the claim. It follows from Lemma 4.2 thatT Now, we can define a dg algebra homomorphism
of X r and X n−r , respectively, where f r : X n −→ X n is defined by
and f n−r : X n −→ X n defined by 1 + (x n ) → x r + (x n )
see [Zhe15] for more details. Then two dg algebras Hom 
